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ANALommm MAssANDw TRANsFERwITHTuR13um FLow

ByEdmundE. Call@an

An analysisofcombinedheatandmasstransferfroma flatplatehas
beenmadeintermsofFrandtl’ssimplifiedphysicalconceptofthetur-
bulentboundarylayer.Theresultsoftheanalysisshowthatforcondi-
tionsofreasonablysmallheatandmasstransfer,theratioofthemass-
andheat-transfercoefficientsisdependentontheReynoldsnumberofthe
boundarylayer,thePrandtlnumberofthemediumof diffusion,andthe
Schmidtnumberofthediffusingfluidinthemediumof diffusion.For
theparticularcaseofwaterevaporatingintoair,theratioofmass-.
transfercoefficienttoheat-transfercoefficientisfoundtobe slightly
greater

In
involve
speeds.

thanunity.

INTROIXJCTION

recentyearsa considerablenmiberofproblemshavearisenwhich
thecalculationof simultaneousmassandheattransferathigh
Theevaporativecoolingof surfacesby airstresmsathighspeed

andatlargeReynoldsrnnibersisof considerableinterest(ref.1).

Althoughresearchonbothmassandheattransferhasbeenconducted
formanyyearsanda nuniberofanalysesmade,thestatusoftheproblem
is suchthatitwouldseemdesirabletopresentananalysisofthepro-
cessesbasedonthesimplifiedphysicalpictureoftheturbulentboundary
layeranditslaminarsu%layeras originallyconceivedbyPrandtl.

TheanalysispresentedhereinisbasedonDonaldson’smodification
(ref.2)ofthePrandtlboundary-layerconcept,whichpermitsthecalcula-
tionoflsminar-sublayercharacteristicswitha temperaturevariation
throughtheboundarylayer,andtheuseofReynoldsanalogyinthetur-
bulentregionoutsidethesublayer.Suchananalysisis,ingeneral,
subjectto certainrestrictiveconditionssinceitmustbe assumedthat
themomentumboundarylayerisunsffectedbythemass-andheat-transfer
processes.TheapplicationoftheanalysisisthereforeMmitedtothe

n
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2 NACATIV3045

conditionsofreasonablysmalltemperatureandpartialpressuregra~ents
acrosstheboundarylayer,smallpsxtialpressureofthematerialbeing
transportedinrelationtothepartialpressureofthemediumof diffusion,
anda Prandtlumber ofthemediumof diffusionoforderunity.Most
gazes,huwever,meetthisrequirementonPrsmdtlnumber.

Therequirementsonthepartialpressureofthefluidsandthetem-
peraturegradientacrosstheboundarybyer arereslizedinat least
severalpracticalproblemsinaeronautics.Inparticularinthethermal
de-icingofaircraftcomponents,alltheusualassumptionsaremet. 8

8
Thepurposeofthispaperistopresentananalysisofthemass-and

heat-transferprocessintermsof a simplifiedphysicalpictureofthe
turbulentboundarylayersubjecttotheassumptionspreviouslydescribed.
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SYMBOLS

Thefollowingsymbolssxeusedinthis

skin-frictioncoefficient

specificheatofmediumof diffusion
Btu/(lb)(%’)

U.ffusioncoefficient,ft2/sec

accelerationdueto gravity,ft/sec2

mass-transfercoefficientorStanton

heat-transfercoefficientor Stanton

constants

exponentofboundary-lsyer

wpf3
Frandtlnumber,~

heattransferperunit

%UL%Reynoldsnumber,—
~L

WcFReynoldsnumber,—
b

report:

at constantpressure,

nuniberformasstransfer

numberforheattransfer

1—

()iipower-lawprofile,‘~ . ~

areaperunittime,Btu/(sec)(ft2)
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v

v

P

u

~uob
Reynoldsnumber,—

%

definitiveratiooftotalshearstressto laminarshearstressin
lmundarylayer

Schmidtnumber,-$

absolutetemperature,%

velocity,ft/sec

weightofmediumdiffusingfromsurfaceperunitareaperunit
time,lb/(ft2)(sec)

distancealongsurfacefromstagnationpoint,ft

distancenormalto surface,ft

bounti~-layertbiclmess,ft

laminar-sublayerthickness,ft

concentration,weightof diffusingmaterialperunitweightof
mediumofdiffusion,lb/lb

thermalconductivityofmediumofdiffusion,13tu/(ft)(sec)(°F)

viscosity,slug/(ft)(sec)

kinematiccoefficientof tiscosity,p/p,ft2/sec

massdensityofmediumof diffusion,slug/cuft

lb (mediumof diffision)mutualdlffusivity, (ft)(sec)

Subscripts:

o free-stresmconditions

adw atiabaticwall

L conditionsatedgeoflsminsrsublayer

w wall

. _____—_ —.—— — __ — .—.-— ~— ..— --
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ANALYSIS

FlowOverFlatPlateatLowSpeeds

Thestudyofreference2 relatesthelocalsldn-frictioncoefficient
andthelocalReynoldsnumberbasedonboundary-layerthicknessforthe
caseofturbulentflowovera flatplate.Theanalysisdescribedtherein
isbasedonthesimplifiedphysicalconceptoftheboundarylayershown
infigure1. Theboundarylayerisassumedtobe sharplydividedintoa
turbulentregionhavinga power-lawvelocityprofileanda laminarregion
havinga constantshearstress.Thethicknessofthelaminarsublayeris
givenby theintersectionoftheturbulent-power-lawvelocityprofileand
thevelocityprofileofthelaminarsublayer.Thisconceptionofthe
boundarylayeris quitesimilartothatoriginallypresentedby I&andtl,
whichassumeda turbulentregionanda lsmins.rsublayerwhereintheveloc-
ityincreased13.nearl.ywithdistancefromthesurface.

Therelationsdevelopedinreference2 areingoodagreementwiththe
experimentalevidencepresentedhence,itmaybe assumedthatforpurposes
ofanalysisthesimplifiedphysicalpictureoftheboundarylayerassumed
by Donaldson(ref.2)is justified.

Thegeneralheat-transferequationbasedonthetemperaturepotential
acrosstheboundarylayer,whichisgiveninreference3 is,inthenota-
tionofthisreport,

Simikrly,themass-transferequationbasedonthe
potentialacrosstheboundarylayermaybewrittenas

W=kepo~ (~ - ?())

Theheat
layerresults
fashionas

transferredatthesurfaceandthroughout
purelyfromconductionandmaybewritten

(1)

concentration

(2)

thelaminarsub-
intheusual

Similarly,themasstransferatthewallmaybewrittenas

W=-u a3] aq
WYW=

1
‘aL&L

(3)

(4)

——
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where rJisthemtual diffusivitybasedontheUffusioncharacteris-
ticsofthesubstancesinvolvedintheprocess.Inpracticalengineering
terms,u isusuallygivenas pDg where D isthediffusioncoefficient
fortheparticularprocessunderconsideration.

Theprocessofdiffusionfromthesurfacewithitsaccompanyingfinite
velocityoftheescapingmoleculesisassumednotto affectthemomentum
boundsrylayerorheattransferoftheworkingmedium.Thisassumption
seemsreasonablesincethediffusingvaporrepresentsonlya smallfraction
ofthemediumofdiffusion.

Theuseof eqyation(4)(Fick’slaw)inthisformimpliesthatthe
partialpressureofthesubstancebeingtransportedissmallcomparedwith
thepressureoftheworkingmedium.h addition,themutualdiffusivity
u isdefinedfora fieldofuniformtemperature;iflargetemperature
differencesexist,thermaldiffusionwillbe supertiposedoverthemechani-
caldiffusionandthesimpleformof Fick’slm willno longerapply.The
mass-transferanalysiscontainedhereinisthereforeHmitedto caseswhere
thetemperaturedifferencessresmalJwithrespecttotheabsolutetempera-
tureofthemediumofdiffusionandwherethepartialpressuresofthe
diffusingmaterialaresmallcomparedwithpartialpressureoftheworking
medium.

It isassumedthatthetemperaturesmdconcentrationgiadientsatthe
edgeofthelaminarsublayeraregivenby

Thisassumptionnecessarily
layerisidenticalforboth

(5)

(6)

impliesthatthethicknessofthelaminarsub-
heatandmasstransfer.Thereis,however,no

a priorireasonto expectthatthephysicalthicknessofthesublayerwould
differforthetwoprocesses.Donaldson(ref.2)hasshownthatforthe
incompressiblecasewithzeroheattransfer,thelsminar-sublayerthickness
isdependentona characteristicReynoldsnumberbasedonthevelocityat
theedgeofthesublayer,thelaminar-sublayerthickness,andtheviscosity.
Sucha characteristicReynoldsnumbermaybe assumedapplicabletoheatand
masstransferprovidedthetrensfer
and(5),and(2),(4),and(6),the

kh~guocp,o‘%

ratesarelow. l&6mequations(1),(3),
followingrelationsmaybe obtained:

Tw-~
-To) =KL—

%
(7)

—— —— ——c — —.———— —.— —...———
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(8)

Rearrangingtermsandmultiplyingtheleft-handsideof equation(7)
~Y PQ/%Y%#o> =d 5/8 yieldthefolkwing

but

A similsrresultmaybe obtainedforequation(8)by rearranging
terms,umltiplyingtheleft-handsideby ~/@, 5/5,and M~PL andsub-
stitutinglsL= ~~g.

but

hm=‘CL
therefore

(lo)

(9)
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Itisinterestingtonotethesimikritybetweenequations(9)end(10)
withtheexceptionthatinequation(9)thePrandtlnwiberisbasedon
stresmvaluesandtheSchmidtnumberin equation(10)isbasedon values
attheedgeofthelaminarsublayer.Ingeneral,however,thisisnot
importantsincethePrandtlnumberforairvariesonlysli@tlywithtem-
peratureandtheSchmidtnumberformanycombinatim.moffluidsisalso
onlya slightfunctionoftemperature.

Tw - TL
Thetemperatureratio~ - ~

~-?L
andtheconcentrationratio

w o \-To
maybe evaluatedintermsofthelsminsx-sublayervelocityuL andthe
streamvelocityuo withtheaidofReynoldsanalog. Thefollowing
derivationis similartothatfoundinmanyheat-transfertextboohj see,
forexample,reference4. It isrepeatedhereto obtainspecificrela-
tionsrequiredbythepresentanalysis.

Consideranareaintheturbulentregionoftheboundaryl~er as
showninfigure2. Let P be a smallmassoffluidwhichistransported
perunittime,perunitareaacrosstheplaneA-A. Supposethat ~ pene-
tratesupwardthroughA-Ato a regionofhighervelocityu!,lowertem-
peratureT’,andlowerconcentration~’. Inthesteady-statecondition
(completelydevelopedturbulence),an equslmass ~ mustbe transported~
dotiard
perature

The
momentum
“virtual

acrossplaneA-Ato a regionof lowervelocityu, highertem-
T, andhigherconcentrationq.

exchangeinmomentumacrossA-Ais @ - f3u’.Thischangein
mustbebalancedby a changeintheshearstresssuchthatthe
turbulentshearstress”Tt mustbe equalto @u - f3u~.

(12)

Tt = -B(U-u’) (n)

Similarlytheheat ~ transportedacrossA-Amustbe givenby

% = +Pg~(T - T’)

andthemasstransportedacrossA-Aby

Wt =+pg(~- n’) (13)

To eliminate~,whichisunknown,fromtheequations,equations(12)
and(13)aredividedby equation(U) asfollows:

—— —— ——. ~
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Also theshear
reference2 as

Wt—=_ T -Tg
‘t u- ~t

(3)to (6),itisfoundthat
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(14)

(15)

stressattheedgeofthelaminarsublayerisgivenin

(17)

‘L
‘L=%~ (18)

Inaccordancewiththeconceptofa boundarylayerwitha sharpdivision
betweenthelaminarandturbulentregions,it isthereforeassumedthat
heatandmasstransferintheturbulentregionresultentirelyfromtur-
bulentinterchange,thatconductiveeffectsarenegl&ible,andfurther
thatinthelaminarsublayerheatandmasstransferoccurpurelyby con-
ductionanddiffusion,respectively.

Thereforeattheedgeofthelaminarsublayer,Qt = Q,Wt = W, and
T= Tt; ad thefollotin.gresultsmaybe obtainedfromequations(14)

‘L - ‘0:
to (18)since~ =—

u-u uL-uo

UL
~L—

%

g~,L(TL - To)
‘L - ‘O

~-TL g~,L~L ‘L uL
TL-TO= KL U.o-uL

. prL
% - uL
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UL
l+~L-—

% - UL

similarly,

SCL

Tw-~
TL - TO
TV - TL

l+ TL -TO

‘LfiL—
%=

establishedthat

UL
—=

‘-%

%—=
6

[
432A

k2

[

n(r- 1)
k2

(19)

(21)

(22)

.
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n(r-
‘1

1) is foundto representa characteristicReynoldsnumberwhere ~2
ofthelaminarsublayerR% whichhasa constantvaluefora givenvalue
of n. A valueof R% = 158isfoundinreference2 by a comparisonof
theanalyticalexpressionfortheskinfrictionwithan experimentaldrag
law. .

Cf = 0.045Re5-1/4

Thisvalueof R% isingood~eement withthecriticalReynoldsnumber
ofthelaminarsublayerasdeterminedby Donaldson(ref.2)fromthere-
sultsof vonl16rman‘ (ref.5). Equations(21)and(22)maybe rewritten
as

1 1

now

but u~~ canbe expressedto a closeapproximationas

Sincethestaticpressureisconstantthroughouttheboundarylayer,

PO TL
—=—
% ‘o
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Therefore,

and

‘=(%)&(%)s% (23)

(24)

Solvingequations(9)and(10)for kh and ke,respectively,andusing
therelationsgivenbyequations(19),(20),(23),and(24)givethe
followingresults:

kh .

2
‘L -m
— RebPro

(n-l)(l+m)
? (25)

% ‘L
U

n-tl
——
% To ‘:s[’ - R?%)s “ - ‘L) .

2

,

It isinterestingtonotethatfortheusualvaluesof n = 7,m = 0.76,
and ReL= 158 equation(25)becomes

.

_—-—— —-——_ _——-.——— —- —— ——
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% ~eb -1/4(0.0225)K

Forthecaseof lowheattransfer,thatis,lowtemperature
acrosstheboundarylayer,

‘J

differential

Then

0.0225Re5
-1/4

kh =
1 - 1.883Re5-1/8(l-Pro)

Fora flatplate,empiricalresultsgive

Therefore

Re5= 0.37(R~)4/5

0.0289(Rex)-1/5
kh =

1 - 2.13Rex-1/10(1-Ro)

Thisequationisquitesimilartotheequationgivenonpage117ofrefer-
ence4 andforairdiffersonlyslightlyinthevalueoftheconstantsin
thenumeratoranddenominator.Vd.ues Of kh calculatedfromthisequa-
tionandfromtheequationgiveninreference4 agreewithinseveralper-
cent,thelatterequationgivingslightlylowervalues.Thisdeviation
iswellwithintheexperti~talerrorfoundinmostheat-transfermeasure-
ments.It canbeseen,therefore,thatequation(25)reducesessentially
to a previouslyestablishedlawforheattransferona flatplateforthe
casewherethetemperaturedifferentialacrosstheboundsrylayeris small.

Theratioof & to kh as givenbye~ations(25)and(26),isas
follows:
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r 1 l+m 1

to

,- pJ’l(zy+lQ - a+

~o ~o %Im thepreviousequationtheterm ——— isobviouslyequal~L KL WL
%~, andhencetheequationmaybe rewrittenasfo120ws:
~P,L

ke
—=
‘h

(27)

Forthetechnicallyinterestingcaseofwaterevaporatingintoair,
thepropertyvaluesofbothairandwaterarewelJlmown.Inaddition,
thediffusioncoefficientD forwatervapordiffusingthroughairisthe
mostreliableyetestablished.

Thelimitationofthemass-transferrelationmentionedear~er,that‘
is,lowpartialpressureofthediffusingmaterialwithrespectto the
pressureofthemediumof diffusion,limitstheapplicabilityof equa-
tion(27)to caseswherethewalltemperanmesaremch lessthanthe
boilingtemperatureofwater.

Inaddition,theanalysisis validonlyfortheconditionwherethe
ratio To/Tw isnearlyunityand,hence,T~To isalsonearlyunity.
Sinceinequation(27) ~To israisedtoa powerconsiderablylessthan
oneandsincetheratio cp,O/cp,Lisonlyslightlyaffectedlytempera-
turevariation,equation(27)maybe writtentoa closeapproxhationas

——

— — — — .—c. — -—. .-—— . ———
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1
J-

ETi

()ReLke 1- ~ (1- PrjJ

n+l

H

R%
1- % (1- scJ

(28)

Intherar@eoftemperaturesofpracticalinterest(32°to 100°F),
(forair)thePrandtlnuniberisapproximatelyequalto0.71andforwater
diffusingintoairtheSchmidtnumberisapproximately0.60.Thevaria-
tionof k~kh with Re5 is showninfigure3 forthevalueof
R% = 158 determinedinreference2 andseveralvaluesof n. Alsoshown
onthefigurearecurvescalculatedata constantvalueof n equalto 7
andvaluesof R% equalto 100and300. TherangeofReynoldsnunibers
Re5 showncorrespondto a rangeofReynoldsnumbersbasedon distance

fromtheleadingedgeof 3.4X105to 1.91X10g.

It isapparentfromfigure3 thattheratioofthemass-transfer
coefficienttotheheat-transfercoefficientdecreasesslightlywithin-
creasingReynoldsnuniber.Theratioalsoincreaseswithincreasingn,
hutboththeeffectofReynoldsnumberand n arequitesmallandit
wouldbe difficultto isolateeitherexperimentally.Thecurvesshown
forvaluesof R% equalto 100,158,andXC)ata constantvalueof
n= 7 indicatethattheeffectof changesIn R% is so smallastobe
negligible.

Theindependenceoftheratio ~kh withcriticalReynoldsnumber
R% showsthattheassumptionmadepreviouslyabouttheconstancyof R@L
withorwithoutheattransferisnotcriticalforpurposesoftheanalysis.

ltromanover-allstandpoint,itwouldthereforebe expectedthatthe
ratioke/kh canbe takenas approximately1.05regardlessofwhetheror
nottheflowistransitionalwithvaluesof n oftheorderof4 orfully
turbulentwithvaluesof n equalto or~eaterthan7.

Althoughtherearefewactualexperimentaldataontheevaporationof
waterintoan airstresmfroma flatsurface,ithasbeenfoundthatthe
surfacetemperatureofbodieswettedby a waterfilm,calculatedby
assuming& e~al to kh,agrees@te Wen withexpe?xhnentalresults
(see,forexample,ref.1). An unpublishedexperimentby ColesandRuggeri
onthemassandheattransferfroman icedflatsurfacefora widerangeof
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altitudesandMachnunibersshowsthattheratioofthemass-transfercoeffi-
cienttotheheat-transfercoefficientisapproximately0.94. Theseresults
wereobtainedwithrough,iceds~facesjconsequentlyonlyqualitativeagree-
mentwiththepresentanalysisshouldbe expected.

Itis evidentthattheanalysisusedhereinlendsitselfto compara-
tiveresultsofheatandmasstransferbutcanbe usedtofindabsolute
valuesof ~ and kh onlywhenthevalueof n ishewn. Forex-
tremelyhighReynoldsnunibers,thevalueof n maybe 10 orgreaterand
thiswouldgreatlyaffectthevaluesobtainedfrome~ations(25)and(26).

Thecalculationoftheratio &/kh forfluidsotherthanwaterinto
aircanbe accomplishedeasilyprovideda reliablevalueof diffusion
coefficientisavailable.Itispossiblethatcertainfluidsmayexhibit
propertiessuchthatthevalueof T~To couldbesignificantwithout
invalidatingtheassumptionsoftheanalysis.In sucha case,thegeneral
formof equation(27)mustbe usedand T~To obtainedfroma knowledge
of Tw/TO andtrial-and-errorsolutionsof equations(19)and(23).

For
boundary
equation

The

ExbensiontoHigh-SpeedFlow

high-speedflowswhereinthefrictionaltemperatureriseinthe
layerisappreciable,itisusualtowritetheheat-transfer
inthefollowingmanner

Q = ‘hmg’llo~(% - ‘adw)

useoftheadiabaticwalltemperature
statictemperaturehasbeenfoundto resultin
of kh withReynoldsnumberforbothlow-and
Machnumbersof 2).

Therelationgivenbyequation(25)would

inplaceofthestream
a satisfactorycorrelation
high-speedflows(upto

thereforebe expectedto
holdoverthewholespeedrangeof c&rentinterestforaircr~ticing
giveninreference1 (MachntiersfromO to 1.5).Therelationofequa-
tion(26)isunaffectedlyspeedprovidedtheconditionsstatedpreviously
withregardto thevaporpressuresandvapor-pressuregradientsinthe
boundarylayerarestillfulfilled.Fortheusualvaluesof.interestin
icing,thesevaluesarewellwithintheacceptablelimits.Theratioof
~/kh asgivenbyeqqation(28)willthereforebe independentofMach
numberforthewholerangeofflightspeedsof curreatinterest.

o

.——.— —-.-— —
_— ——— ——
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CONCLUSIONS

An analysisof conibinedheatandmasstransferfroma flatplatehas
beenmadeintermsofPrandtl’ssimplifiedp4sicalconceptofthebound-
arylayer.Theresultsoftheanalysisshowthatforconditionsofrea-
sonablys- heatandmasstransfer,theratioofthemass-andheat-
transfercoefficientsis dependentontheReynoldsnumberoftheboundary
layer,theRrandtlnumberoftheworkingfluid,andtheSchmidtnumberof
thediffusingmaterialinthemediumof diffusion.Fortheparticularcase
ofwaterevaporatingintoair,theratioofmass-transfercoefficientto
heat-transfercoefficientis foundtobe slightlygreaterthanunity.For
theparticularcaseofaircrafticing,itis shownthattheresultsofthe
analysissrevslidup to themaximumMachnumberatwhichicingmight
occur,thatis,1.5.

LewisFlight~pulsion Laboratory
NationalAdvisoryCommitteeforAeronautics

Cleveland,Ohio,August12,1953
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Figure1. -Velocityprofileassumedforaualysis.
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Figure2. -Simplifiedpictureofturbulentexchange.
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